Problem A. Let Y = (Y, h) be a closed n-dimensional Riemannin manifold, which, besides a Riemannian metric h, carries a continuous function M = M (y) on it.
Find condition(s) on (Y, h, M ) that would allow/wouldn't allow a filling of Y by a compact Riemannin (n + 1)-dimensional manifold X = (X, g), where "filling" means that
where
• the restriction of the Riemannin metric g to Y is equal to h;
• the mean curvature of Y in X is equal to M , (by our sign convention convex boundaries have M ≥ 0) and where the essential property required of X is
• non-negativity of the scalar curvature,
or, more generally, a lower bound Sc(X) ≥ σ for a given σ ∈ (−∞, ∞).
Problem B. Granted that a filling X with Sc(X) ≥ 0 (or with Sc(X) ≥ σ)
exists, what are the constraints on the geometry of such an X imposed by (Y, h, M )? For example:
A 1 . Does sufficient, depending on (Y, g), mean convexity, i.e. "large positivity" of the mean curvature of Y , rule out such fillings? B 1 . Is there a lower bound on the volume of filling manifolds X, in terms of (Y, h, M ) and the lower bound on the scalar curvature of X (with a particular attention to the the case Sc(X) ≥ 0)? 1 1 Bound on the Size of ∂X by the Scalar Curvature and the Mean Curvature
As it turns out, the solution to A 1 for spin manifolds X with Sc ≥ 0 can be obtained by confronting several known results as follows. Let X be a compact orientable (n + 1)-dimensional Riemannian manifold with boundary Y = ∂X and let us introduce the following three invariants of the manifold Y .
1. The lower bound on the scalar curvature of Y with the Riemannin metric induced from X, denoted Rough Bound on Mean Curvature. There exists a continuous function M n (σ, S, R), which is monotone decreasing in σ, S and R, where −∞ < σ, S < ∞, and R > 0, such that the mean curvatures of the boundaries of all compact Riemannian (n + 1)-dimensional spin manifolds X with boundaries, where Sc(X) ≥ σ and Sc(∂X) ≥ S, satisfy
Let us now reformulate [ M ] for Sc(X) ≥ 0 and Sc(∂X) ≥ 0 with a more precise description of the function M n .
(Since the function M n is continuous at (0, 0.R), this will give us some information about M n (σ, S, R) for all values of σ (≤ Sc(X)) and S (≤ Sc(Y )), since these can be made arbitrarily small by scaling (the metric of) X by a large constant.)
Let X be a compact Riemannian (n + 1)-dimensional spin manifolds X with boundary Y = ∂X, such that Sc(X) ≥ 0 and Sc(Y ) ≥ 0. Then the mean curvature of the boundary Y of X is bounded in terms of the spherical radius of Y as follows. About the Proofs. We state and prove in section 5 a more precise version of [ ++ ] by applying Llarull's theorem to an auxiliary closed manifold, denoted X δδ , construction of which is described in section 3. Also in section 3, we explain how
Generalisation. The (large) size of the mean curvature only matters on the part of Y that contributes to the spherical radius of Y .
Namely, if Y admits a distance decreasing map Y → S But with the available argument, 3 one has to pay the price of requiring a bound on the geometry of U (similar to that in section 8) in a neighbourhood of ∂U ⊂ Y : a bound on the injectivity radius, by 1 from below, and on the absolute values of the sectional curvatures of Y , also by one, now from above, with both bounds required in the 1-neighbourhood of ∂U .
The 
Possibly ( X is extremal, if whenever a Riemannian (n + 1)-dimensional (spin?) manifold X ′ with boundary satisfies:
And X is regarded rigid, if (i)-(iii) imply that X ′ is isometric to X.
It may be admissible to strengthen (iii) by the requirement that ∂X ′ is isometric to ∂X. But even then the extremality/non-extremality problem remains difficult, even for convex balls in S n+1 . In fact, the subtlety of the extremality/rigidity problem for balls in S n was revealed by the results by Brendle, Marques and Neves [BMN 2010] and by Brendle and Marques [BM 2011]: the existence/nonexistence of a deformation of the spherical metric in the interior of such a ball with increase of the scalar curvature depends of the radius of the ball.
3 The argument we have in mind is an obvious modification of the proof of [ ++ ] given in sections 3-5 4 As usual, "X is spin" can be relaxed to "the universal coveringX of X is spin". 
This inequality, which in the case
, is proved in [M 2003 ] and in [ST 2003 ]) in three steps, roughly, as follows.
⋆⋆ Smooth the Y -corner in the resulting manifold
⋆⋆⋆ Use the Euclidean Rigidity theorem, formerly Geroch conjecture: * If a complete C 3 -smooth Riemannin manifold W with Sc(W ) ≥ 0 is isometric to R n+1 at infinity, then W is isometric to R n+1 .
This is a special case of the Schoen-Yau positive mass theorem, 5 which also (trivially) follows from non-existence of non-flat metrics with Sc ≥ 0 on the torus and on overtorical manifolds.
The following more satisfactory version of ⋆ is proven in [M 2003 ] and [ST 2003 ]), for convex hypersurfaces.
where the equality ∫ M (y) = ∫ M 0 (y) implies that X is isometric to X 0 . −κ with the sectional curvature −κ and manifolds X with Sc(X) ≥ −n(n + 1)κ. This is can be reformulated in an especially pleasant manner for n = 2 if Y = ∂X is homeomorphic to S 2 and has sect.curv(Y ) ≥ −κ due to Pogorelov's existence (and essential uniqueness) theorem for isometric embeddings of spherical surfaces with metrics having sectional curvatures > −κ to H Thus, one easily shows, for instance, that given a smooth closed hypersurface . But, unfortunately, even for the unit sphere S n ⊂ H n+1 −1 , this ∆ is pretty small, something like 1 n 2 , while available more conclusive results need strong topological conditions (see sections 6 and 7).
(H 3 ) Min-Oo's proof of his rigidity and the positive mass theorems uses a version of Witten's Dirac operator method, thus, it needs the spin condition. Accordingly, the original proofs in [M 2003 ], [ST 2003 ] and [MM 2016 ] needed X to be spin, but, as we know now, the spin condition is redundant according to [SY 2017] .
Moreover, Min-Oo's rigidity theorem remains valid for manifolds Z = H n+1 −1 Γ for all discrete parabolic isometry groups, 6 where it reads as follows.
(*) Generalised Min-Oo Rigidity Theorem. Parabolic quotient manifolds
−1 Γ admit no non-trivial "deformations" with compact supports and with Sc ≥ −n(n + 1),
where these "deformations" may arbitrarily change the topology of (a compact region in) Z with no condition on spin.
Notice, that the original Min-Oo rigidity theorem corresponds to the case where Γ = {id} and that the rigidity for all Γ, including Min-Oo rigidity itself, trivially follows from the rigidity of "hyperbolic cusps", i.e. where Γ is isomorphic to Z n .
6 An isometry group Γ of H n+1 −1 is parabolic if there is a horosphere in H n+1 −1 invariant under the action of Γ, or, equivalently, if all isometries γ ∈ Γ except id keep fixed a unique common fixed pint in the ideal boundary of H n+1 −1 . Besides, in the present context, we also require that the actions of Γ on H n+1 Thus all of (*) reduces to the case of cusps, that was proven in §5 5 6
of [G 1996 ] with a use of minimal "soap bubbles" under the condition n + 1 ≤ 7, and that it is now guarantied for all n by the Schoen-Yau regularity theorem [SY 2017] ; possibly, Lohkamp's theorem [L 2018] or his argument can be used here as well.
3 Collars, Doubles and Area Contracting Maps.
Given a compact (n+1)-manifold with boundary Y = ∂X, let X δ be obtained by "gluing" "δ-negative collar" to its boundary, where this "collar"" is the cylinder
, be a smooth family of Riemannin metrics on Y and let
be a smooth map from X δδ to the sphere S n+1 (R) of a certain radius R with the following three properties.
(i) The map F is "supported" on Y ×[−δ , δ] ⊂ X δδ , which means it is constant on the original manifold X ⊂ X δ ⊂ X δδ as well as on the second copy of X in X δδ .
In fact, the map F , as we shall construct it, will send X to the south pole of the sphere, and the second copy of X will go to the north pole.
(ii) The map F radially sends the "δ-negative collar" Y × [−δ, 0] to the lower hemisphere S n+1 − ⊂ S n+1 , 7 where "radially" means the following.
, y ∈ Y , are sent by F to geodesic segments in S n+1 between the south pole and the north pole while the t-copies
go to the n-spheres concentric to the equator.
(iii) The map F is symmetric with respect to the obvious involutions in X δδ and in S n = S n+1 − ∪ S n+1 + . Thus, the map F is determined by the following two maps. 1. The first one is a map from Y to the n-sphere, call it f ∶ Y → S n .
7 To be sign consistent, we denote the south pole, that is the bottom of the sphere, by S n+1 − and the north pole -the top -by S n+1
The second map goes from
is bounded by the product of the Lipschitz constants of the maps f t and ψ(t),
where for smooth maps,
We shall see in section 5 that the assumption
allows a choice of h t and ψ(t) that would contradict the Llarull theorem applied to F ; thus, we shall prove the inequality [ ++ ].
About Llarull Theorem. Let us formulate this theorem in the form adapted to the present application.
Let W be a complete orientable Riemannian (n+1)-manifold without boundary with Sc(W ) ≥ 0 and let F ∶ W → S n+1 be a smooth map which is locally constant at infinity, i.e. outside a compact subset in W .
If deg(f ) ≠ 0, and
then, provided the universal covering of X is spin, the equality holds:
moreover, (this we don't need) the map F is an isometry.
Let the scalar curvatures of X and of Y = ∂X be bounded from below by negative constants σ and S and let us multiply X by the sphere S
Observe that the resulting product manifold
8 This is the second exterior power of the differential dF for smooth F . 9 The main point in the proof of Llarull's theorem is a sharp and rather painful algebraic calculation of the curvature term in the Lichnerowicz formula for the Dirac operator twisted with a particular vector bundle. If we don't care for sharp constants in [ ++ ], then the general hypersphericity inequality from [GL 1983 ], which needs no specific calculation, will do.
Therefore, the inequality
Warning Exercise. Find a counterexample to the following "proposition" and then find the mistake in its "proof".
Let X be a closed orientable Riemannin spin (n + 1)-manifold with Sc(X) ≥ −ε and let U ⊂ X be an open connected subset, such that the scalar curvature (function) of X is large on U , say
(1) of non-zero degree that sends the complement of U to a point s 0 ∈ S n+1 .
"Proof". Assume otherwise, let X ′ = X × S 2 and compose the map f
of degree one, which collapses {s 0 }×S 2 to a point. Since the resulting map
is area decreasing and since the scalar curvature of X ′ is everywhere positive, say for ε < 1, and since
at all points where the differential of F ′ doesn't vanish, namely in U × S 2 , the "proof" follows by the contradiction with Llarull's theorem.
Hint. The above argument becomes valid if "no area decreasing map f " is replaced by "no distance decreasing map f ". Let us recall Hermann Weyl's tube formula (see below) which allows an effective expression of the scalar curvature of dt 2 + h t in terms of Sc(h t ) and the first and the second t-derivatives of h t , which will be used in section 5 for the choice of δ, h t and ψ(t) in the construction of
, be a family of Riemannian metric on an n-dimensional manifold Y and let us incorporate h t to the
Notice that an arbitrary Riemannin metric on an (n + 1)-manifold X admits such a representation in normal geodesic coordinates in a small (normal) neighbourhood of a compact hypersurface Y ⊂ X.
The following two formulae, in conjunction with the Gauss Theorema Egregium for the hypersurfaces
, allow a simple computation of the scalar curvature of g.
(I) First Variation Formula. The t-derivative of h t is equal to twice the second fundamental form of the hypersurface
10 The method of minimal hypersurfaces (which needs no spin) applied to U allows an alternative proof of this in most (but not all!) cases, see [GL 1983] and [G 2918]. and regarded as a quadratic differential form on Y = Y t . In writing,
(II) Weyl Formula. The t-derivative of the shape operator A t on Y = Y t , which corresponds to A * t , satisfies:
Remark. Weyl's Formula is obtained by tracing what can be justly called The Second Main Formula of Riemannian Geometry.
where B t is the quadratic differential form on Y = Y t , the values of which on the tangent unit vectors τ ∈ T y,t (Y = Y t ) are equal to the values of the sectional curvature of g at (the 2-planes spanned by) the bivectors τ,
.
12
( ) Umbilic Boundaries. The Weyl's Formula becomes most transparent where the family h t remains almost constant in t, yet, having large derivatives dht dt and d 2 ht dt 2 . This allows, for example, 13 a C 0 -slight perturbation of a given Riemannin metric g on X near the boundary Y = ∂X, such that
• the restriction h ′ of the perturbed metric g
• the second fundamental form A * g ′ becomes proportional to the Riemannin metric on Y , that is A * g ′ = a ⋅ h ′ for a (positive or negative) constant a.
• The scalar curvature of the metric g ′ is almost as large as that of g,
where this ε > 0 can be chosen as small as one wishes. Then, as far as our purpose is concerned, one needs to deal only with families of the form h t = ϕ 2 (t)h on X = Y × R with functions ϕ(t) > 0, where the Weyl and Gauss formulas yield the following (standard) expression for the scalar curvature of the (warped product) metric g = dt 2 + ϕ 2 (t)h on X in terms of the scalar curvature of the metric h on Y and of the first and second derivatives of the function ϕ(t).
The first main formula is Gauss' Theorema Egregium. 12 This formula can be taken for the definition of the sectional curvature and it also allows a fast proof of the basic Riemannian comparison theorems along with their standard corollaries. However, for some inexplicable reason, this formula is absent from most (all?) textbooks on Riemannin geometry where, instead, the old-fashioned and cumbersome language of Jacobi fields is used.
13 See 11.5 in [G 2018 ], but beware: there is a sign confusion in my GAFA paper which is corrected in the later version.
where, recall, n = dim(Y ) and the mean curvature of
This gives you a full control over the scalar curvature of X and the mean curvatures of Y t and the existence of the family h t needed for the proof of [ ++ ] easily follows. (We explain this in detail in the next section.)
Questions. Let h 0 and h 1 be two Riemannin metrics on a closed n-manifold Y and M 0 , M 1 be smooth functions on it.
When does there exist a smooth homotopy h t of metrics on Y that joins h 0 with h 1 , which has
and such that the metric
When does, in addition to h t , there exist a smooth function ψ(y, t) > 0, such that the above holds with the metric G = ψ(y, t)dt
• the restrictions of G to Y × {0} and Y × {1} are equal to h 0 and h 1 correspondingly;
• the G-mean curvatures of Y × {0} and Y × {1} with respect to the vector field More generally, there is a kind of A ∞ -category P ◻ (I am not certain about terminology), where objects are Riemannian manifolds with corners and where, besides prescribing/controlling the mean curvatures of the codimension one faces, one keeps track of the dihedral angles between these faces (see [G 2014] 
and it is equal to the spherical metric in the band between two equidistant hyperspheres in S n+1 .
(b) Another useful family of metrics (compare §12 in [GL 1983] ) is where
which is defined for δ < π n+1
and where the scalar curvature of this metric satisfies:
, 0 be a smooth map, which sends −δ ↦ − π 2 and 0 ↦ 0 and let
be the corresponding radial map Ψ = (id, ψ). Denote by ⋀ 2 dΨ(x) the norm of the exterior square of the differential of the map Ψ, that is the area dilation by Ψ at x = (t, s) and observe that this dilation is easily expressible in terms of a = φ In writing,
Denote by M max (S, R) the supremum of
over all and δ > 0 and all smooth positive functions ϕ on [−δ, 0] with the following properties.
• R ϕ(δ) ≤ R;
○ is area-wise large. Reformulation and Proof of Inequality [ ++ ]. Let ϕ ⋆ and ψ ⋆ be extremal (almost extremal will do) for M max .
Reduce the case of general Riemannian X with boundary Y to that where R = Rad S n (Y ) = 1 by scaling the Riemannin metric in X by Rad S n (Y ) −2 . Let G be a smooth metric on X δδ from section 3, which restricts to the original g on X ⊂ X δδ , which is equal to dt
and which is symmetric under the involution on X δδ , where the existence of such a (smooth!) metric (modulo an arbitrary small perturbation of g) is possible in view of ( ) from the previous section. Then the application of the Llarull theorem to the map
(1) is a distance decreasing map of non-zero degree, implies the following.
Sharpened Inequality [ ++ ]. Let X be a compact Riemannian (n + 1)-dimensional spin manifolds X with boundary Y = ∂X, such that Sc(X) ≥ 0 and Sc(Y ) ≥ 0. Then the mean curvature of Y is bounded in terms of the spherical radius of ∂X and the lower bound S = inf Sc(∂X) as follows. 
Remarks (A) Despite its name, the inequality [ max ], is almost never sharp. If it has a chance for optimality, then only if
which makes Y isometric to a S n (R), and where the manifold X is Riemannian flat. But in truth, I am afraid, the chance for this optimality is close to zero for n + 1 ≥ 3 due to the term n(n−1) ϕ 2 in (⋆). Apparently, there is a wide gap of empty space between the Miao-Shi-Tam theorem and the inequality [ max ].
(Yet a Witten style argument could, conceivably, deliver a derivation of the positive mass theorem expressed in polar coordinated from Llarull's theorem, as it is suggested by a formal similarity between the algebra involved in the arguments by Witten and by Llarull, as well as the analysis behind their proofs -both arguments rely on god-given equivariant spinor fields and on stability of the index under deformations, rather then on the Atiyah-Singer index formula.) (B) Besides being unsharp and using spin, the above proof of max seems artificial as it depends on two preliminary modifications X X +δ X δδ . Hopefully, this can be done better with minimal surfaces but, apparently, these work only in the ambience of "complicated topology", e.g. where X is homeomorphic to the product of the disk by the (n−1)-torus, or, more generally, if X admits a map with non-zero degree to this product, to
).
In this case, the symmetrisation version of the Schoen-Yau descent argument from [G 2018 ] reduces the general case to the one where the metric on X is T n−1 -invariant, for which, probably, the proof must be not difficult. This is indeed simple for n + 1 = 3, but where, instead of symmetrization, one uses the Gauss-Bonnet theorem, which, when applied to area minimizing minimal surfaces Σ ⊂ X with boundaries in Y = ∂X, shows the following.
If Let X be a compact orientable Riemannin (n + 1)-manifold with, possibly disconnected, boundary, such that • the scalar curvature of X is bounded from below by that of the hyperbolic
• the mean curvature of the boundary is bounded from below by that of the complement of a horoball in H n+1 −1 , M ncurv(∂X) ≥ −n;
• there is a connected component of the boundary ∂X, call it Y + , the mean curvature of which is bounded from below by a constant greater than −n, say M ncurv(Y ) ≥ σ + .
• − If Y + admits a map with non-zero degree to the n-torus and if the inclusion homomorphism between the fundamental groups
where the equality holds if and only if the universal covering of X is isometric to a "band" between too equidistant horospheres in H n+1 −1 .
14 The Marques-Neves inequality, which implies a sharp(!) bound on the 2-waist of X δδ , requires, a priori, less of Y = ∂X, than Llarull's theorem.
15 If Y is non-compact, the present proof of Mmax needs the sectional curvature of Y to be bounded from above and the injectivity radius of Y bounded from below:
This is proved in §5
5 6 of [G 1996] for n + 1 ≤ 7 by a "soap bubble"argument which extends to all n in view of [SY 2017] .
Example and Generalisation. Let X 0 be a compact hyperbolic (i.e. sect, curv(X 0 ) = −1) manifold with totally geodesic boundary Y 0 .
Observe that the equidistant deformations
If Y 0 = ∂X 0 , or a finite covering of it admits a non-zero degree map to the n-torus, then, by the above, no Riemannin manifold X homeomorphic to X 0 , or just admitting a map with non-zero degree to X 0 , can have Sc(X) ≥ −n(n + 1) and M ncurv(∂X) ≥ n.
This doesn't quite work if no map Y 0 → T n with deg ≠ 0 exists. However, since X 0 is isoenlargeable, a combination of the arguments from [G 1996] and [G 2018] (with a use of [SY 2017] for n + 1 ≥ 9) shows that the above conclusion still holds for these X, namely,
Application of Symmetrization. In many (all?) cases • − can be proved by the torical symmetrization argument from [G 2018] with no use of "bubbles" at all. A characteristic example is as follows.
Let X be an
If Sc(X) ≥ −n(n + 1) and the mean curvature of
where coth −1 denotes the inverse function of coth x = e x +e −x e x −e −x . In fact (see [G 2018]) , the extremal Riemannin metric g ext with the maximal l is defined on the manifold T n × (0, l], where it is invariant under the obvious action of the torus T n . Hence, g ext = dt 2 + ϕ 2 h f lat , where one may assume that φ(t) → 0 for t → 0.
Since, M ncurv(g ext ) = nϕ φ ′ by the first variation formula ((I) in section 4) and Sc(g ext ) = −n(n + 1), the Weyl formula ((II)) shows that
It follows that the function f = φ φ ′ satisfies the equation
which implies that
where the domain of definition of this f is the segment (0, l] for l = 2 n+1
Cuspidal Boundary Rigidity Theorem. Let X be an (n + 1)-dimensional complete orientable Riemannian manifold with compact boundary Y , such that Sc(X) ≥ −n(n + 1) and M ncurv(Y ) ≥ n.
⋆ − If some connected component Y 0 of Y admits a map to the n-torus T n with non-zero degree, which continuously extends to a map X → T n , then the above argument shows that the universal covering of X is isometric to a horoball in the hyperbolic space H n+1 −1 .
(If X is compact and Y = ∂X is connected, then maps Y → T n with non-zero degrees do not extend to X, but this can be sometimes remedied by passing to an infinite coverings p ∶X → X, such that the pullbacks p Our formulation of (* 2 ) as well as distinguishing the case of T n−1 -invariant torical domains is motivated by the possibility of symmetrisation of an arbitrary X with no decrease of its scalar curvature and of the mean curvature of the boundary ∂X.
Recall (see [G 2018]) , that "the ultimately" symmetric manifold Z 0 carries the (warped product ) metric dt 2 + (sinh 2 t) ⋅ h f lat , 0 < t < ∞, which has constant sectional curvature only for n + 1 = 2, where, if n + 1 = 2, this metric remains non-singular at t = 0 if h f lat is the metric of the circle S 1 2π of length (exactly) 2π.
In general, we assign h f lat to the torus T n−1 ×S 1 2π and think of Z 0 as a torical warped product over the hyperbolic plane minus a point.
But we don't know whether such metrics are rigid with respect to deformations with compact (bounded?) supports and Sc ≥ −n(n + 1).
Another, even more annoying, problem is that the symmetrization in the present case terminates at a warped product metric g 0 on X 0 = Σ 2 × T n−1 , where Σ 2 is a disc with a Riemannin metric g 0 , where we don't control either g 0 or the warping factor that is a function on Σ 2 .
Ideally, we would like the warping factor w(σ), σ ∈ Σ 2 , of this g 0 on the (circular) boundary of Σ 2 to match the warping function on ∂B But, apparently, w(σ) for σ ∈ ∂Σ 2 depends on the geometry of all of X, not only on ∂X. This prevents us from a proof of an even non-sharp version of (* 2 ) by the gluing argument used for n + 1 = 2.
On the other hand one may think of an alternative geometric approach, which, in particular, would deliver a proof for the case of n + 1 = 2 by analysing the intrinsic geometry of the surface X from (* 2 ) rather than by attaching something to it.
On Surfaces in 3-Manifolds. If n + 1 = 3, then additional possibilities are opened by the existence of isometric imbeddings of "many" non rotationally symmetric Riemannin metric on 2-tori to H 3 Z. (Probably, the space of the embeddable metrics has codimension one in the space of all metrics.)
The situation is more satisfactory for imbedding into H 3 Z 2 , where instead of an ambiguous "many" one can definitely say "all".
In fact, let Y = (T 2 , h) be a 2-torus with a Riemannin metric where sectcurv(h) > −1. Then, by the torical version of Pogorelov's isometric embedding theorem, there exists a hyperbolic cusp with the sectional curvature −1 and an (essentially unique) isometric embedding Y → Z.
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(This can be exploited similarly to how that was done in [MM 2016 ] and mentioned in ⋆ − κ in section 2.)
Manifolds with Corners
Let us briefly discuss here what can be done about Sormani's question C from the introduction.
Basic examples of Riemannian (n + 1)-manifolds with corners are (convex) polyhedra in R n+1 with smooth Riemannian metrics on them. In general, a corner structure P on a smooth manifold X with boundary Y = ∂X is given by the shadow P pf P , that is a partition of Y into locally closed submanifolds corresponding to the actual faces of P .
For example, the shadow of the corner structure of the cube [−1, 1] n+1 on the unit n-sphere S n ⊂ R n+1 can be seen by radially projecting the boundary of the cube to this sphere.
More generally, let X be a smooth (n+1)-manifold with boundary Y and let f ∶ Y → S n be a smooth map which is transversal to all faces of such a shadow P in S n . Then the pullbacks of these faces define a shadow of a corner structure on X, where the corresponding corner structure on X is called cubical if X is orientable and the map f has non-zero degree.
(◻ ○ ) The simplest instance of this, that we shall use below, is where the map f is a diffeomorphism from the interior of a ball B ⊂ Y onto S n minus the south pole s ⋆ ∈ S n and where all of the complement of B goes to s ⋆ .
Besides the scalar curvature of X and the mean curvatures of its n-faces an essential geometry of a Riemannin manifold with corners is carried by the dihedral angles α at the "edges" that are the (n − 1)-faces of X, where the difference π − α plays the role of the mean curvature.
Here is a property of cubical manifolds that motivates what follows in this section.
Hyperbolic Subrectangular Theorem. Let X be a compact cubical Riemannian manifold, where (i) the dihedral angles are ≤ π 2 ; (ii) all n-faces but one have positive mean curvatures;
17 The set of the isometry classes of these "cusps" that are the quotient manifolds H 3 −1 Γ, Γ = Z 2 , is naturally parametrised by the modular curve of conformal structures on T 2 , where the modular parameter of Z, which receives an isometric embedding of (T 2 , h), depends on h.
(iii) the exceptional face have M ncurv ≥ −n; (iv) the opposite face, which is also called "exceptional", has M ncurv > n. Then the scalar curvature of X satisfies:
Idea of the proof. Reflect X around 2n non-exceptional faces, smooth the resulting C 0 -metric corners and apply • − from section 6 to the resulting "subhyperbolic band".
In truth, however, such a smoothing is a mess; a technically less demanding approach is explained in [G 2014] and in section 11.10 of [G 2018] .
(This proof of the theorem is immediate for n + 1 = 2, where it is seen by looking at minimal geodesic segments between two exceptional faces).
Rigidity Question. If (iv) is relaxed to M ncurv ≥ n, and if Sc(X, x) ≥ −n(n − 1), then, most likely, X is isometric to a parabolic rectangular solid in H n+1 −1 , that is defined in the horospherical coordinates x 0 , x 1 , ...x n by the inequalities
where, recall, the hyperbolic metric g in these coordinates is
We fail short of directly proving this because of, a priori possible, presence of singularities of the boundaries of extremal X, which is due to a use of the Schoen-Yau style variational argument in an essential step of our proof.
On the other hand, a suitable adapted Kazdan-Warner perturbation argument would, probably, reduce the rigidity problem for Sc(X) ≥ −n(n + 1) to that, where all faces but one are convex and Ricci(X) ≥ −ng; then the proof would follow by Weyl's tube formula.
Unproven Corollary. Let X be a compact Riemannian (n + 1)-manifold with boundary Y = ∂X, such that Then the infimum of the mean curvature of Y in the ball B satisfies
for some (possibly very large) universal continuous function M n . How we Want to Prove it. Start by observing that our "corollary" for n + 1 = 2, generalises a non-sharp version of (* 2 ) from section 7 and that the actual proof for n + 1 = 2 is easy.
In fact, let X be a surface with circular boundary Y = ∂X, and let Y + ⊂ Y be a segment, such that the following conditions are satisfied.
(1) sect.curv(X) ≥ −1; (2) the curvature of the segment 
where this isometry matches the curvature of these curves, which makes the resulting metric on the extended manifold 
Probably, all surfaces X with sectcurv ≥ κ display similar patterns of distributions of curvatures of their boundaries Y for length(Y ) >> −κ (ii) What would be analogues of the above for (distribution of) the mean curvatures of boundaries Y of (n + 1)-manifolds X with lower bounds on the sectional, Ricci or scalar curvatures of X? (The case of bounded domains X ⊂ R n+1 , n+1 ≥ 3, already seems interesting.)
Idea of a Possible Proof of [◻ −1 ]. We want to extend the above "cornering" argument to n + 1 ≥ 3 and create a (sub)rectangular corner structure on X, the shadow of which will be induced by a map B → S n as in the above (◻ ○ ). It seems manageable to bend Y along individual edges, that are the (n − 1)-faces of X (compare with the constructions in section 11.3, 11.4 in [G 2018] ), but it less clear how to do it (I think it is unpleasant but possible) at the corners, where the edges meet.
However, similarly how this was bypassed in [G 2014[ and in [G 2018 ] one can, probably, avoid this problem by performing the constructions of corners, reflections and smoothings interchangeably.
For instance, let X, topologically, be the 3-ball and let us create two circular corners on its (spherical) boundary corresponding to the (circular) boundaries of two non-exceptional faces.
Then double the resulting X ′ over this pair, smooth it and arrive at X 1 , which is now homeomorphic to B 2 ×S 1 , where the shadow of the corner structure is induced from that on the disc B 2 . Proceed as before, now with the remaining pair of non-exceptional faces and, thus, arrive at X 2 , which is homeomorphic to On the other hand, the geometry behind this may be interesting in its own right as suggested by following.
Question. Let X = (X, g) be a Riemannin manifold diffeomorphic to the (n + 1)-ball and let the scalar curvature of X in a neighbourhood U ⊂ X of Y = ∂X be positive. Let V be a closed smooth (n + 1)-manifold.
A packing with Sc > 0 of V by (copies of) X is a Riemannian metric g + on V , along with isometric embeddings of several copies of (X, g) to (V, g + ), such the metric g + has positive scalar curvature in the complement of the images of these embeddings.
Under what conditions on the intrinsic geometry of Y = ∂X, on the mean curvature of Y and on the topology of V, can V be packed with Sc > 0 by X?
More specifically, let locgeo(Y ) denote the maximum of two invariants of Y
let top(V ) means "topology of V " and let M top(V ) ( * ) be a (large) continuous function.
For which V , is the inequality M ncurv(Y ) ≥ M T op(V ) (locgeo(Y )) sufficient for the existence of such packing?
Notice in this regard, that our cornering argument, if it works, implies the existence of such packings of the (n+1)-torus, provided M = M T n+1 is sufficiently large.
where it is, indeed, so for n + 1 = 2 by an elementary argument.
But it is unclear whether this is true or false for n + 1 ≥ 3.
(b) Can one replace the bound on locgeo(Y ) by a lower bound on some kind of size of Y ?
Such a "size" can be conveniently defined with the above map f in the definition of the " cylinder" structure on X as follows.
Restrict this f to Y , observe that it sends Y → S n−1 × [0, 1], compose this with the projection S n−1 × [0, 1] → S n−1 and denote the resulting map by f ∶ Y → S n−1 . If n + 1 ≥ 3, denote by Rad Sn−1 (Y ) the supremum of the numbers R such that f is homotopic to a smooth map f ′ ∶ Y → S n−1 , such that the norm of the differential of f ′ is bounded by
And If n + 1 = 2, let Rad Sn−1 (Y ) = 1 for all X.
(this Θ speaks for "fatness" of X) is sufficiently large, say
for some continuous monotone decreasing function λ n (Θ) defined for Θ > Θ crit .
The best one may expect here is that
But any bound Θ crit ≤ const n will be welcome and the inequality
will be quite satisfactory. And it is conceivable that all of the above holds for Sc(X) ≥ σ, for all −∞ < σ < ∞, with Θ crit = Θ crit (σ) and λ n = λ n (Θ, σ).
Further Conjectures and Problems.
Probably, all we know (and don't know) about manifolds with boundaries extends to manifolds with corners, albeit by no means automatically. In fact, it will be more productive to study manifolds with corners for their own sake rather than as intermediates in the arguments concerning smooth manifolds.
For instance, problem A from the introduction becomes even more interesting for manifolds with corners where it reads as follows.
Let X be a compact (n + 1)-dimensional Riemannin manifold with corners and Y 0 be an n-dimensional face of X.
Find an upper bound on the mean curvature of this face, in terms of lower bounds on the scalar curvature of X and the mean curvatures of the remaining nfaces of X and the dihedral angles along (n−1)-faces, as well the some geometric invariants of the face Y 0 , e.g. its "size" and its own scalar curvature.
The topologically simplest instances of this are as follows.
• The half-ball B n+1 and close relatives of cubes -(n + 1)-diamonds and (n + 1)-simplices.
But it is more challenging to understand the geometry of X when the combinatorics of the corner structure becomes more complicated.
For instance, define CombRad n (Y ), for a closed orientable n-manifold Y partitioned into faces, as the supremum of the numbers R, such that Y admits a continuous map of non-zero degree to the sphere S n (R), such that the images of all faces have diameters at most one.
Conjecture. Let X be a compact orientable Riemannin (n + 1)-manifold with corners, such that Sc(X) ≥ 0, and all n-faces have positive mean curvatures. Let A (X) denote the supremum of the dihedral angles of X taken over all points of all edges ((n − 1)-faces) of X.
Then π − A (X) ≤ const n CombRad n (∂X) for some universal (possibly large) constant const n .
Admission. I haven't check this even in the case of convex polyhedra X ⊂ R n+1 .
The following is a version of for manifolds without corners, which may be also overoptimistic.
Conjecture. There exists a (possibly very large) function M n (σ, R) > 0, −∞ < σ < ∞, R > 0, such that all compact Riemannin (n + 1)-manifolds X with boundaries, where Sc(X) ≥ σ, Rad S n (∂X) ≥ R and M ncurv(∂X) ≥ M > 0,
This doesn't seem clear even for smooth bounded (and unbounded?) domains X ⊂ R n+1 . where one naturally (naively?) expects that round n spheres S If a compact orientable Riemannian (n + 1)-manifold with boundary Y has Sc(X) ≥ σ n , then every smooth area decreasing map f from X to the unit (n+1)-sphere, which sends the 1-neighbourhood (unit collar) of Y ⊂ X to a single point, has degree deg(f ) = 0.
We conclude by formulating an instance of a general stability problem for Sc ≥ σ, in the spirit of [S 2016] , which may have a satisfactory solution, at least in dimension 3.
Spherical Stability Problem. Describe the geometry of closed Riemannian orientable n-dimensional manifolds Y i , such that inf Sc(Y i ) → n(n − 1) and Rad S n (Y i ) → 1. One expects here, in view of Llarull's theorem, that manifold Y i with Sc(Y i ) ≥ n(n−1)−ε i and Rad S n (Y i ) ≥ 1 −ε i must look, approximately, as the unit sphere S n with an extra staff attached by "ε i -narrow bridges" to it. In other words, certain equidimensional submanifolds U i ⊂ Y i with (small?) boundaries must somehow converge (sub-converge?), e.g. in the intrinsic flat topology (see [S 2016]) , to S n .
Besides S n , the stability problem arises for all, not only spherical, length extremal and area extremal closed manifolds with positive scalar curvatures as well as for extremal manifolds with boundaries (as in (d) of section 1), where the situation is even less clear.
It seems helpful for developing an idea of what happens to scalar curvature in this regard, up to a point of formulating conjectures, to look at the corresponding problem(s) for hypersurfaces with positive mean curvatures.
For instance, what is the geometry of (limits of sequences of) smooth bounded domains X i ⊂ R n+1 , which contain the unit ball B n+1 0
(1) ⊂ R n+1 and such that the mean curvatures of the boundaries of these domains are bounded from below by M i → n for i → ∞.
